The singularity of quantum correlations, such as quantum entanglement(QE) and quantum discord(QD), has been widely regarded as a valuable indicator for quantum phase transition(QPT) in low-dimensional quantum systems. In this paper, for an L × 2 spin ladder system with ring exchange, we find that the singularity of QD (or QE) could not indicate the critical points of the system. Instead, the QD shows a novel odd-even effect in some phases, which can be used to detect the phase boundary points. The size effect is related to the symmetry breaking of the ladder.
Introduction
The relation between quantum correlation and quantum phase transition (QPT) has been extensively investigated in many-body quantum physics. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 29] It is first found by Osterloh et al. that the quantum entanglement (QE)-a kind of quantum correlation-shows a singular point in the vicinity of the QPT point of the transverse-field Ising model. [3] Since then, the ability of QE in detecting QPT has been investigated in many quantum systems. [4, 5, 6, 7, 8, 9, 29] However, QE is not the only nature of quantum correlation, thus Olliver et al. [11] proposes to use the quantum discord (QD) to quantify all the quantumness of correlation present in a quantum state. [10, 11, 12, 13, 14, 15, 16, 17] Just like QE, QD has also been used to study the QPTs in several one-dimensional quantum spin chains, such as the transverse Ising chain and an anti-ferromagnetic XXZ chain. [10, 12, 13] In most cases, these two measures of quantum correlation shows similar behavior in the phase transition. For example, a discontinuity of QE or QD can be used to detect a first-order phase transition point, while a discontinuity or a divergence in the first derivative of QE or QD would be related to a second-order phase transition point (or just called the critical point). [12] Though QD and QE have a similar capacity in detecting QPT, they have a fundamental difference, that is, QD can survive in separable states. [14] As a result, QD can capture the signal of QPT in separable states while QE cannot. For example, in an infinite XYZ model, the two-spin state of the system is separable thus pairwise QE vanishes, however, QD survives and indicates the QPT point of the system very well. [10] In addition to these simple models, recently novel quantum phases in complex spin systems have been studied extensively, such as models with multiple-spin exchange interaction. [21] It's believed that multiple-spin exchange interaction plays an important role in understanding the magnetic properties in several materials such as two-dimensional compound La 2 CuO 4 . [20] Among these models, the S = 1/2 spin ladder with four-spin ring exchange(the topology is shown in Fig. 1 ) has attracted special attention. [22, 23, 24, 25, 26, 27] Firstly, the two-leg ladder can be regarded as an intermediate topology between one-and two-dimensional lattices, thus can give insight into the behavior of two-dimensional systems. Secondly, due to the four-spin ring exchange interaction, the system has a very rich phase diagram. Using various correlation functions as order parameters, Läuchli et al. have found six phases, and the phase diagram of the system is illustrated in Fig. 2 . The non-symmetry-breaking regions contains four phases, i.e., a ferromagnetic (FM) phase, a rung singlet (RS) phase, a dominant vector chirality (VC) phase, and a dominant collinear spin correlation (CSC) phase, while the symmetry-breaking regions contains two phases, i.e., a staggered dimers (SD) phase and a scalar chirality (SC) phase. [21, 25] We mark the two first-order QPT points as θ 1 and θ 2 , the three critical points as θ 3 , θ 4 and θ 5 , and the crossover point as θ 6 .
Recently the QPTs of the ladder have been studied through quantum information theory. [22, 27, 28] The firstorder QPT points θ 1 and θ 2 are identified ambitiously by the sudden change of the entanglement concurrence. [22] The critical point θ 4 , which is a highly symmetric point of the system, is identified by the size-independent extremal point of entanglement entropy. [22] For the crossover point θ 6 , recently we have provided a very effective approach to identify its location by analyzing the first-excited state of the system. [28] Thus, in this paper, we will just pay our attention to the other two critical points θ 3 and θ 5 .
To investigate the entanglement properties of the ladder, Song et al. have calculated the entanglement concurrence [18] for several two-spin subsystems and the entanglement entropy [9] for different block geometry, and the relation between the QE and the phase diagram is discussed in depth. [22] However, neither the concurrence nor the entanglement entropy shows any singularity or extreme point at the phase boundary (θ 5 ) between the SC phase and the VC phase. Especially, in most areas of the SC phase and VC phase, the two-spin states of different subsystems (two spins on the rung, leg, and diagonal bond) in the ladder are all found to be separable states, thus the concurrence vanishes and shows no signal for θ 5 at all. The situation is somewhat similar to the above mentioned infinite XYZ model. Thus, it is natural to ask: would the QD capture the signal of the phase transition in these separable states? Moreover, as far as we know, the existing works on QD are mainly limited to very simple models, and the connections between QD and novel phases in complex systems are still less well understood. Thus, it would be valuable to study the properties of the QD in the ladder.
In this paper, firstly we give a brief introduction of QD in Sec. 2, then we describe the Hamiltonian of the ladder and some numerical details in Sec. 3. The main results are shown in Sec. 4 and some discussions are given in Sec. 5.
2 Quantum discord QD aims at characterizing all the quantumness in a quantum state. [11, 14] Its definition is based on the two quantum versions of the classical mutual information. [19] For a classical system (or a state) AB, the total correlation between the subsystems A and B can be expressed as described by the density matrix ρ AB . For I A,B , by replacing the Shannon entropy with the von Neumann entropy S(ρ), one can easily obtain the quantum mutual information I(ρ AB ) as [11, 12, 13, 15, 16] 
(
The quantum generalization of J A,B is slightly difficult because of the conditional entropy H A|B , thus, firstly the quantum conditional entropy S(ρ|{B k })-the quantum version of H A|B -has to be defined, where {B k } is just a complete set of projectors. [15, 16] Then a variant of quantum mutual information can be defined as
[11], the quantity
is interpreted as a measure of classical correlation. Finally, QD is just defined as the difference between the quantum mutual information I(ρ AB ) and the classical correlation J (ρ AB ):
For a state containing quantum correlation, QD is generally non-zero. However, if ρ AB reduces into a classical state, one can prove that I(ρ AB ) and J (ρ AB ) would just reduce to I A,B and J A,B , respectively, thus the QD vanishes.
For a general state, the above mathematical definition of QD is somewhat complex, with a numerical optimization procedure involved. However, for two-qubit states expressed in the following form,
the QD can be simply expressed as spin-spin correlation functions, and the numerical optimization procedure can be omitted. [16] Because of the symmetry of the ladder considered in this paper, the two-spin reduced density matrix takes the form in Eq. 4, thus our calculation follows the formula in Ref. [16] .
3 Spin ladder with ring exchange We consider the following SU(2) invariant Hamiltonian defined on a L × 2 two-leg ladder as [21] 
where the two legs of the ladder are marked as u and d, and the rungs are labeled as i = 1, · · · , L(see Fig. 1 ). The first term in the above summation describes the interaction on the rungs, the second term is the interaction along the legs, the third term is the four-spin exchange interaction in the plaquettes of the ladder, and J r , J l and K are the corresponding coupling constants.Ŝ u,i (Ŝ d,i ) is the spin-1/2 operator defined on the i-th spin in leg u(d).P i,i+1 (P
) is the four-spin ring operator, which rotates the four spins in the i-th plaquette clockwise (counterclockwise), i.e., [22] 
In this paper the periodic boundary condition is imposed by
In addition, following Ref. [21] , we set J r = J l = cos(θ) and K = sin(θ).
The phase diagram is shown in Fig. 2 . We will investigate the behavior of quantum correlation in the vicinity of θ 3 and θ 5 . For finite-size ladders with L = 6, 8, 10, 12, firstly, we use the exact diagonalization method to obtain the ground-state wavefunction. Then we calculate the reduced density matrix of the concerned subsystem by tracing out all other degrees of freedom. Finally, QD can be obtained analytically according to Ref. [16] .
We have calculated the QD for the two spins on the rung(sites S u,i and S d,i ), leg(sites S u,i and S u,i+1 ), and diagonal bond(sites S u,i and S d,i+1 ) in the ladder, and the most interesting results are the behavior of QD on the rung. Thus, firstly, we limit ourselves to the two spins on the rung, and discussions about other two-spin subsystems will be given in Sec. 5.
4 Odd-even effect between phase boundaries θ 3 and θ 5 The QD between the two spins on the i-th rung of L × 2 ladders with L = 6, 8, 10, 12 is shown in Fig. 2 .
One can see that at the QPT points θ 1 , θ 2 and θ 4 , the behavior of QD is similar to the entanglement reported in previous studies, [22] that is, QD is discontinuous at the firstoder QPT points θ 1 and θ 2 , and shows a size-independent extremal point at the highly symmetric point θ 4 . Now we try to find the signal for θ 3 and θ 5 . From Fig.  2 , it is expected that QD would not show any singularity or extremal point at these two points when L is increased, thus we need to change our strategy. We find that the finitesize effect in the symmetry-breaking regions (θ ∈ [θ 3 , θ 5 ]) is obviously larger than that in the non-symmetry-breaking regions (θ / ∈ [θ 3 , θ 5 ]), which may be useful to detect θ 3 and θ 5 .
In the non-symmetry-breaking regions, the size effect is very small. For the FM phase, for example, in the rigorous bounds −π < θ < − π 2 , it is clearly that the ferromagnetic state minimizes the energy on each plaquette locally, thus the finite-size effect is relatively small. For the RS phase, let's choose the point θ = 0, i.e., the spin ladder with only anti-ferromagnetic bilinear couplings. It's well-known that the ground state can be well approximated by the product of local rung singlets, thus the size effect should be small in this phase. In the main region of the VC phase and the CSC phase, QD also shows very little size dependence.
In the symmetry-breaking regions, peculiar size effect is observed, that is, the behavior of QD with L = 4i is notably different from that with L = 4i + 2. The physical origin of the peculiar size effect can be understood as follows. In the SD and SC phases, the translational symmetry is broken and the "unit" of the ground state consists of two rungs, thus, the number of "unit" is even for L = 4i and odd for L = 4i + 2. Then, the wavefunction and quantities such as QD would show an odd-even dependence upon the number of "unit" of the ground state as follows:
and
In order to see the size effect more clearly, for different phases we numerically calculate the QD for the two lowestlying energy eigenstates, and several typical results are shown in Fig. 3 . For a given θ, it is obvious that these (L,Q) points belong to two curves, thus we label one of the two curves with squares and dot line (ψ L ) and the other with circles and dot line (ϕ L ). In addition, for the ground state, we mark the corresponding points (L,Q g ) by red triangles. In non-symmetry-breaking phases(see Fig. 3 (a)(e)(f) ), one finds that the ground state is always |ϕ L , while |ψ L is always an excited state. In symmetry-breaking phases(see Fig. 3 (b)(c)(d) ), however, with the increase of L, (L,Q g ) jumps between the two curves, which means these two states take turns to serve as the ground state as the change of L, just as described by Eqs. 7 and 8. θ 2 ), second-order QPT points (θ 3 , θ 4 and θ 5 ), and the crossover point (θ 6 ), respectively. The values of θ i from Ref. [21] are shown in the figure.
This jumping behavior in Fig. 3 can be used to detect the phase boundary points θ 3 and θ 5 . However, much manual work would be required to obtain Fig. 3 for all the θ. Based on Fig. 2 , there is an alternative approach to locate θ 3 and θ 5 roughly but very efficiently. First, one defines a parameter Fig. 2 one sees that with the increase of L, q L (θ) vanishes very rapidly in the RS and VC phases. For a given θ, with L large enough, suppose q L (θ) is smaller than some threshold value δ, we say that the system is in the non-symmetrybreaking region, thus θ 3 and θ 5 can be identified approximately. In fact, when using L = 12 and δ ∼ 10 −4 , θ 3 and θ 5 are found to be 0.07π and 0.39π, respectively, which is consistent with previous studies. [21] From Fig. 3 one can see that the odd-even behavior decreases with increasing system size. Therefore, one might wonder, if this criterion is useful for large systems. Keep in mind is that, for a given θ, if the odd-even behavior is observed for a small L, the system should be in the symmetrybroken phase, even if the behavior becomes blurred when the size of the system is large. Thus, for a finite L, the oddeven behavior would be of practical use to detect, at least, the "inner boundary" of the symmetry-broken phases. In other words, the above values can always be regarded as an upper (lower) bound for the critical values θ 3 (θ 5 ) of the ladder systems.
Discussions and summaries
In many systems, the singularity of ground-state wavefunction is widely used to detect the QPTs (the singularity of quantum entanglement and quantum discord is also inherited from the wavefunction). However, in this paper, in a finite-size ladder with ring exchange, the wavefunction keeps analytical at θ 3 and θ 5 . Fortunately, we find that the odd-even effect in- The QD of the two lowest-lying energy eigenstates of the system for several θ. The red triangle denotes the QD of the ground state. In the SD and SC phases, the ground-state QD jumps between two curves, which indicates that two states |ψ L and |ϕ L take turns to serve as the ground state.
duced by the symmetry breaking of the wavefunction can be used to detect the QPT point of the model. The method may be a little rough compared with other large-scale numerical methods dealing with the infinite-size systems. [27] However, it captures the approximate locations of the QPTs with the negligible amount of calculation (the results are obtained using a standard PC in about two days). Note that a valuable estimation of the QPT point would always save much time before large-scale numerical calculations are adopted to figure out the accurate location of the QPTs. In addition, as we have shown, the size dependence of QD provides a special perspective to understand the physical nature of the symmetry-breaking phases.
As QD and the concurrence are closely related quantities, we'd like to compare the behavior of QD and the concurrence in the system. Both of them describe the quantum correlation between the two spins in the system. QD is meaningful in the whole parameter space: it can be used for both entangled states and separable states. The concurrence, as has been mentioned, would vanish in a separable two-spin state even if the whole system is in an entangled state. [10] That's why the QD can be used to detect θ 5 while the concurrence fails. [22] Thus, when used as phase transition indicator, QD has a broader scope of application than the concurrence.
Our studies are limited to the QD of the rung. In fact, for other two-site subsystems, such as two spins on one leg or the diagonal bond in the ladder, the QD has also been calculated(the result has not been shown in this paper), however, QD does not show such obvious odd-even behaviors, thus there is no clear signal for the boundaries θ 3 and θ 5 . The reason is as follows. The observed finite-size effect always contains two sources: source (i) is just the selection between |ψ L and |ϕ L , described by Eq. 7, and source (ii) comes from the convergence speed of the wavefunction |ϕ L (|ψ L ) when increasing L. Source (i) just emerges in symmetry-breaking systems, while source (ii) is generally present in low-dimensional quantum systems. To get a clear observation of odd-even effect from source (i), the effect from source (ii) need to be weak enough, that is, observables (such as QD) calculated from |ϕ L (|ψ L ) need to converge very fast. Because of the special topology of the ladder, it is expected that the speed of convergence for inter-rung correlations would be slower than that of the intra-rung correlation. [30] As a result, for QD of the two spins on the rung, the effect from source (ii) is weak enough thus the effect from source (i) can be revealed apparently, while for QD between different rungs, the effect from source (ii) is very large thus the effect from source (i) becomes blurred. Thus, it is expected that QD of the spins on the rung, rather than other two-spin subsystems, is most likely to reveal the odd-even effect from source (i) and show signals for θ 3 and θ 5 .
The results obtained in this paper stimulate us to study the size effect of quantum correlation in some other models with spatially inhomogeneous phases. [31] magnetization on a site converges faster than the correlation function between two nearest sites. To expand to the two-leg ladder, the rung can be seen as a super-site thus the intra-rung correlation just cover one site along the chain direction, while the inter-rung correlations cover two sites. Along the chain direction, an operator with a short span usually has a faster convergence than that with a long span.
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